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Necessary and sulkient conditions for representing certain classes of primes 
by given quadratic forms are found by generalizing techniques of rational 
number theory. The main result is that if m = 5 or 13, and if p is a rational 
prime such that (-l/p) = 1 = (m/p), then a necessary and su8icient condition 
that x8 + 4mys = p for some rational integers x and y is that [C&J] = 1, 
where E,,, denotes the fundamental unit of the field Q(m”*) and [ / J denotes the 
Legendre symbol of the ring of integers of Q(ml’*) with p a prime ideal divisor 
of p in Q(mll’). 
1. INTRODUCTION 
In their joint paper [l], Barrucand and Cohn proved the following 
result. 
THEOREM. Let 5 be a primitive eighth root of unity, and let Q(lJ be the 
biquadratic extension of the rational field Q generated by 5. Then the 
specialprimesp of the form x2 + 32y2 are distinguishedfrom other (positive) 
primes ~1 (mod 8) by the property that all totally real units in Q(& 
particularly 1 -j- 42, are quadratic residues of ?T, any prime factor of p 
in Q(5). 
Stated differently, this theorem says that if p is an odd prime such that 
(-l/p) = 1 = (2/p), then the solvability or unsolvability in Q(l/z) of 
the congruence 
a2 = 1 + V2 (mod T), 
where n is a prime divisor of p in Q( 1/2) and 01 is an algebraic integer 
in Q( d/2), determines how p shall be represented as the norm of some 
* This paper is based on the author’s dissertation, which was done at the University 
of Arizona. 
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algebraic integer in Q(C2). Thus information obtained in one quadratic 
field gives us information of what is going on in a second quadratic field. 
The question arises as to whether the above theorem can be extended 
to other pairs of quadratic fields. Namely, if m is a square-free natural 
number and E, denotes the fundamental unit of the real quadratic field 
Q@@), does the solvability or unsolvability of the congruence 
a2 = E, (mod p), 
where p is a prime ideal divisor in Q(m1i2) of the odd rational prime p 
satisfying (- 1 /p) = 1 = (m/p), tell us how p can be represented by norms 
in Q(( -m)1/2). 
We obtain some results along these lines if we restrict m to be a prime 
-1 (mod 4) by methods which are in most instances generalizations of 
techniques used in rational number theory. 
2. THE PRINCIPAL RESIDUACITY RELATION 
Let m be a positive rational prime, m = 1 (mod 4). Let 
K = Q(m112, (-m)li2) = Q(m1/2 + (-m)l12) 
denote the so-called special Dirichlet biquadratic field generated by m112 
and (-m)l12 (see [3]). Let k = Q(i), kl = Q(m112), and k, = Q((-m)l12) 
denote the three quadratic subfields of K. Let %“[i] denote the ring of 
integers of k, and let Oj denote the ring of integers of kj , j = 1,2 (see [2]). 
Elements in the unique factorization domain Z[i] will be denoted by 
lower case Greek letters. Prime ideals in 0, will be denoted by lower case 
script letters, and prime ideals in OK will be denoted by upper case script 
letters. We assume as known the facts on quadratic residuacity in algebraic 
extensions of Q (see [4]). 
Now let p be a rational prime such that (-l/p) = 1 = (m/p), where 
( / ) denotes the Legendre symbol for rational integers. In %“[i], the 
primes p and m can be factored as the product of two Gaussian primes, 
p = n+ and m = pj& where - denotes complex conjugate; furthermore, 
p can be factored as the product of two prime ideals in 0, , p = pp’, 
where ’ denotes the conjugacy operation in 0,. 
The main result of this section is that 
where [ / ] on the left and right sides, respectively, denotes the Legendre 
symbol in 0, and %“[i], and E, is the fundamental unit of kl . 
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To prove this result, which is Theorem 1, Corollary 2 below, we need 
a lemma. But before we proceed, we must make a few observations. 
First, if E, = x + ym1j2 is the fundamental unit in k1 , then E, and E,,,~ 
have the same residuacity character with respect to a prime ideal. Second, 
if x and y are not integers, then E ms does have integral coefficients. In 
order to avoid fractions, we will temporarily let E, = x + ym1i2, where 
the integer pair x, y denotes the fundamental solution of the Diophantine 
equation 
X2 - mY2 = -1, 
and we shall refer to E, as the fundamental integral unit of kl . Now we 
proceed to our lemma. 
LEMMA 1. If E, = x + ym112 is the fundamental integral unit of 
kl = Q(m112), m = 1 (mod 4) a rational prime, then there exists a pair, 
01, (3, of Gaussian integers such that 
Y = 4 and 2x = pcx2 + /z/32, 
where CL, ,!i are in %“[i] satisfying p,li = m. 
Proof. First we will find OL, /3 in T[i] satisfying 
/Lo12 - jYij12 = -2i. 
%z = x + ym112 is the fundamental integral unit in kl , where x and y 
are integers satisfying 
x2 - my2 = -1. 
Hence, 
my2 = (x + i)(x - i), 
since J[i] is a unique factorization domain. Clearly, x is an even integer 
and y is an odd integer. Furthermore, x + i and x - i are relatively 
prime Gaussian integers, for if they had a common divisor other 
than one or a unit of b[i], then necessarily they would have 1 + i as a 
factor implying (x + i)(x - i) is divisible by 2; since both m and y are 
odd integers, we have a contradiction. Therefore, (x + i, x - i) = 1, 
and one of the following two sets of equations must hold 
x f i = (Ye, x i i = rnp2, Y = 4% a, /3 in Sri]; (1) 
x - i = ~.LcL~, x + i = ii/l”, Y = 4% a, p in L?F[i], pp = 112. 
(1’) 
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By considering conjugates, (1) is evidently impossible, which leaves (1’) 
as the only remaining possibility. Therefore, (1’) implies 
w2 - $I2 = 2i. 
Now, to prove our lemma, we know that since E, = x + y&e is the 
fundamental integral unit of kI , then 
x2 --my2 = -1 
or 
4x2 = -4 + 4my2. 
From above we know that Gaussian integers, 01, /3, exist such that 
Y = 43 and 11.~~~ - pp2 = -2i. 
Hence, 
Therefore, 
(/Lo? + $2)” = (/Ax2 - &32)2 + 4/q+32 
= -4 + 4my2 
= 4x2. 
pa2 + $2 = 2x. 
THEOREM 1. Let E, = x + ym112 be the fundamental integral unit of 
k, = Q(m1/2), where m 5 1 (mod 4) is a positive rational prime. Let 
K = Q(m112, (-m)1/2). Let p, ,5 be elements of I[i] such that PLEI. = m. 
Then E, is a perfect square in OK . 
Proof. By Lemma 1 there exist Gaussian integers 01, /I such that 
Y = 4 and 2x = pa2 + g2. 
Therefore, 
Hence, 
2tLG = 2p(x + ym112) = 2t.~x + 2pymfl2 
= j&a2 + jif!?“) + 2pc4$m1/2 
= (pa + /3m1/2)2. 
-i(l + i)” beg = (PM + j3ml12)2 
-&em = KcLa + Bm112)/(l + i)}“, 
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where the right side is clearly an integer since 01 = p = p= 1 (mod 1 + i), 
and obviously m + 0 (mod 1 + i) in OK. -ip = @ is an associate of p. 
Since this particular factorization (with respect to associates) of m in J[i] 
is irrelevant, we may replace fi by p, so that we finally obtain 
Pm = {(&Y. + /?m1j2)/(1 + i)}“. 
COROLLARY 1. If E, denotes the fun&mental unit of kl = Q(m1i2) 
(rather than the fundamental integral unit) and the remaining hypotheses 
of Theorem 1 are left unaltered, then ,FLE,,, is a square in OK . 
Proof. This clearly follows from Theorem 1 and our remarks preceding 
Lemma 1. 
COROLLARY 2. If p is an odd positive rational prime such that 
(-l/p) = 1 = (m/p), if p is a prime ideal divisor of p in 0, , and if T is 
a prime factor of p in b[i], then 
where [ 1 ] on the left side denotes the Legendre symbol in 0, and [ 1 ] 
on the right side denotes the Legendre symbol in ?Z[i]. 
Proof. For the purpose of this proof, let ( / ) denote the Legendre 
symbol of the field K = Q(m112, (-m)‘j2). Since (-l/p) = 1 = (m/p), it 
follows that the prime ideal p of O1 splits as the product of two relatively 
prime ideals !@, VP’ in OK, and the prime v of 3[i] factors as the product 
of two relatively prime ideals ‘p, ‘$” in OK , that is 
P=%w’ and (4 = %w”, 
(see Hilbert [4]). Hence, 
where the third equality is a consequence of Theorem 1. 
3. A RESULT OF MRS. EMMA LEHMER 
Before proceeding with the main application of Theorem 1 and 
Corollary 2, we present an elementary proof of a theorem due to 
Mrs. Emma Lehmer. 
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THEOREM 2. Let p and q be positive primes such that p = q = 1 
(mod 4), (p/q) = 1. Let p be a prime ideal divisor of p in Q(qln), and let q 
be a prime ideal divisor of q in Q(p’/“). Then 
[%hl = k?/Pl~ 
where eD , 4 denote the fundamental units of Q(p112), Q(q112), respectively, 
and [ 1 ] on the left and right sides denote the residuacity symbols in 
Q(p1J2) and Q(q1t2), respectively. 
Proof. Let T and A denote prime divisors of p and q in Z[i], respeo 
tively, with Im(r) and Im(h) even. Then by Theorem 1, Corollary 2, and 
the law of quadratic reciprocity in %“[i], we have 
k,/sl = FM = WI = k&l, 
where [ / ] on the inside of these equations denotes the Legendre symbol 
in %“[i]. 
4. SOME PREPARATORY LEMMAS 
In order to proceed with our applications, we must make some observa- 
tions about the ring of Gaussian integers, ZZ’[i], and state one lemma 
about quadratic forms over 3. Let 01 be in S[i]; 01 is said to be even if 
1 + i divides or; otherwise, 01 is said to be odd. If 01 = a + bi is in d[i], 
then OL is odd if and only if a $ b (mod 2). 
LEMMA 2. Let 01= a + bi in %“[i] be odd; then 0~~ = *l (mod{1 + i>“). 
Proof. Trivial. 
Lemma 2 remains valid if the exponent 5 is replaced by any natural 
number less than or equal to 5; we will frequently use this fact and refer 
to Lemma 2 as justification. 
LEMMA 3. Let d be in 9, and let 01 and t!? be in %“[i]. Then there exist 
rational integers x, y such that 
(a” + dfi2)(S2 + dp) = x2 + 4dy2. 
Proof. Let x = OX?- d/&k? and y = Rl{$) in the above equation and 
multiply the two sides of the above equation out. 
LEMMA 4. Let p be a rational prime and let d be any positive integer. 
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If there exist natural numbers x and y such that p = xa + dya, then x and y 
are unique. 
See Nagell [5] for a proof of a more general result of which Lemma 4 
is a special case. 
5. APPLICATIONS 
The following important lemma is the key to our applications. Although 
it can be stated more generally, we state it in the form in which we will 
use it. 
LEMMA 5. Let d be a rational integer, and let rr in b[i] be a Gaussian 
prime such that [-d/r] = 1 and N(n) = p is a rational prime. Then there 
exists a pair, 5, 7, of Gaussian integers such that (5, n) = 1 and 
5” + dv2 = YT, 
where y is a Gaussian integer. Furthermore, 
if p > 34, 
’ y ’ < l&&ii + l), if p > 392. 
Proof. Let 5 be a Gaussian integer satisfying 
5” E -d (mod ?r). 
Consider the set of all Gaussian integers 
01 - 5B, 
where 01 and ,8 run through all Gaussian integers such that 
0 < I w4, I Imb>l < (p1j4 + O/2 
and 
0 G I wBlI~ I Im@>I < W4 + 1)/2. 
There are 
(1 + Z(P”~ + 1)/2D4 > P = NC4 
different pairs (Y, j?, where [ ] denotes the greatest integer function. 
Therefore, two distinct pairs, (Ye , /I1 and 0~~ , j32 , must exist such that 
a1 - & = or, - 513~ (mod 4. 
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If we set (Ye - or, = LJ and pa - & = 7, we have 
57 = 5 (mod 4, 
with 
I ‘$ I, I 7) I < (P1’4 + 111 d. 
Clearly neither ,!j nor 7 is equal to 0. We may, of course, assume ([, 7) = 1. 
Then 
c2q2 = 5” (mod r) 
5” + dq2 = p, 
for some y in %“[i]. Now 
I ym I = I 5” + dq2 I < I 5 I2 + I d I I 7 I2 < (1 + I d IW’” + 1)“/b’%” 
Hence, 
I y I < (1 + I d I)(1 4 ~-l’~)~/2. 
If p > 34, then 
(1 + p-y < 2, 
and if p > 392, then 
(1 +J+/~)~ < 3/2. 
It is clear that this proves our lemma. 
THEOREM 3. Let p be a rational prime such that (-l/p) = 1 = (m/p), 
m = 5 or 13. Let VT = a + bi in ZZ’[i] be a Gaussian prime such that 
N(V) =p; assume throughout that b is even. Then there exist Gaussian 
integers 5, 7 with (e, q) = 1 such that either 
or 
5” + mq2 = 67~ 
5” + mq2 = HEW, 
where E = f 1 or &i. 
Proof. We will prove this theorem only for m = 5; for m = 13 the 
proof is analogous. 
The smallest prime p such that (-l/p) = 1 = (5/p) is p = 29. Since 
29 = (5 + 2i)(5 - 2i) and 
(3 + 2i)l + 5(1 - i)” = 5 + 2i, 
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we see that the theorem is true for all primes p < 34 satisfying 
(-l/p) = 1 = (5/p). Consequently, we may assume p > 34. Then, by 
Lemma 5, there exists a pair, 5, 7, of Gaussian integers with ([, 7) = 1 
such that 
6” + 59 = yn’, (2) 
where (N(Y))‘/~ = 1 y I < 6, because 
[--5/a] = (-5/p) = 1. 
Then AQ) < 36; therefore, the only possible values for AQ) are 
N(y) = 1, 2, 4, 5, 8, 9, 10, 13, 16, 17, 18, 20, 25, 26, 29, 32, 34. Now 
N(y)P = (p)(p3 = (tT2 + 5q)(52 + 5fj2). 
Thus, by Lemma 3, rational integers X, y exist such that 
x2 + 209 = N(y)p. 
Since (5/p) = 1 = (p/5), Eq. (3) implies (N(r>/S) = 1. Hence, 
N(y) # 2,8, 13, 17, 18, 32. 
(3) 
Next, 
N(y) # lo,26 34, 
for otherwise 2 divides x in Eq. (3), which is impossible. 
To consider the remaining possibilities for N(y), we return to the ring 
Z[i]. We will show that if Eq. (2) is true when AQ) = 5, 9, 16,20,25,29, 
then there exists another pair c, 7’ of Gaussian integers such that either 
or 
where N(E) = 1. 
1’2 + 577’2 = E?r (4) 
5’2 + 57j2 = 2E7r, w  
First, let us consider the case IV(r) = 9. Then (2) becomes 
f” + 572 = 3a7, (5) 
where N(E) = 1. Note that 
la + 5 l l2 = 6. 
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These latter two equations imply that 
&t - 5$/3j2 + 5&f + r))/312 = W-r)/9 = 2~7~. 
We need only show that (5 + $/3 is in Z[i]. But Eq. (5) implies 
6” + 5~~ = 0 (mod 3) 
5 = fy (mod 3). 
Without loss of generality, we may assume the sign of r) is chosen such 
that 
5 = -7 (mod 3), 
which proves our claim. 
Similarly, by using the identity 
(1 + 2i)2 + 5 * l2 = 2(1 + 2i), 
we can show that if N(y) = 20, then Eq. (2) can be put into the form of 
Eq. (4’), and by using the identity 
(3 + 2i)2 + 5(1 - i)” = 5 + 2i, 
we can show that if N(r) = 29, then Eq. (2) can be put into the form of 
Eq. (4). If N(y) = 5, we multiply both sides of Eq. (2) by (1 + i)2 and 
proceed as in the case for N(r) = 20. If N(y) = 25, it is trivial to show 
that Eq. (2) can be transformed into an equation of type (4). This leaves 
only one case to consider. 
Assume now that N(r) = 16; then y = 4~, N(E) = 1. Then Eq. (2) 
becomes 
[” + 572 = 4En-, (6) 
where (6,~) = 1. Therefore, both 5 and 7) are odd. Equation (6) implies 
(” + q2 = 0 (mod 4). 
By Lemma 2 
f2 = fl (mod4) and v2 = f 1 (mod 4). 
These three congruences imply 
t2 = -v2 = f 1 (mod 4). 
We may choose c such that 
f” = 1 (mod 4). 
(7) 
(8) 
RESIDUACITY PROPERTIES 281 
Congruences (7) and (8) together with Lemma 2 imply 
4” + ya = 0 (mod{1 + i}“) 
(5 + iq)([ - i$ = 0 (mod{1 + i)“). 
Therefore, by appropriately choosing the sign of r), we have 
f + iq = 0 (mod{ 1 + i}3). 
Hence, 
(9) 
( 
if t+iq a - 511 )’ + 5 ( (1 + i)S ) = V + 5)(P + 573 (1 + iY (1 + V 
= 4(4En)/(-8i) = 2~‘9r, 
where N(L) = 1; by (9), (6 + iq)/(l + i)” is in S’[i]. 
This completes the proof of our theorem. 
COROLLARY. Let p be a rational prime such that (-l/p) = 1 = (m/p), 
m = 5 or 13. Let 7c in S[i] be a Gaussian prime such that N(n) = p and 
Im(n) is even. Then there exist Gaussian integers, 4, r], with (f, 7) = 1 
such that either 
.Lj2 + m+ = l 7r 
or 
.$” + rn7f = PET, 
where p = 1 + 2i and 3 f 2i, respectively, according as m = 5 and 13, 
and N(E) = 1. 
Proof. As in the proof of Theorem 3, we will prove this statement only 
for m = 5. 
From Theorem 3 it follows that it suffices to show that if 
p + 5772 = 2Err, 
then we can find a pair, ,$‘, q’ such that 
c2 + 5~‘~ = (1 + 2i) EAT. 
(10) 
Thus, assume Eq. (10) is valid; then 6 and q are both odd, since we may 
assume ([, 7) = 1. Equation (IO) implies 
% + 5q2 = 2~ s 2~ (mod 4) 
52 + 72 = 2~ (mod 4). 
(11) 
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Since e and r) are both odd, then, by Lemma 2, 
f2 = fl (mod4) and q2 = *l (mod 4), 
which imply 
If 
g2 + q2 = 0,2 (mod 4). 
.!f2 + q2 = 0 (mod 4), 
then this congruence together with (11) implies 
2~ = 0 (mod 4), 
which is clearly false. Consequently, 
52 + 72 s 2 (mod 4), 
which implies 
g2 c q2 = f 1 (mod 4). 
This congruence, in turn, implies 
4 = fq (mod 3, (12) 
with both signs holding. Remembering that 
(1 + 2i)2 + 5 * la = 2(1 + 2i), (13) 
then Eqs. (10) and (13) together imply 
((1 + 2i)[ + 5~}~ + 5i.f - (1 + 2i)v}2 = 4( 1 + 2i) EW. (14) 
But congruence (12) implies 
(1 + 2i)g + 57 = 5 - (1 + 2i)r) = 0 (mod 2). 
Letting 
(1 + 2i)f + 57 = 25 and g - (1 + 2i)q = 277’, 
then Eq. (14) becomes 
c2 + 5,17’2 = (1 + 2i) ET. 
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THEOREM 4. Let n = a + bi in Z[i] be a Gaussian prime such that 
N(n) = p is a rational prime; hence, (- 1 /p) = 1. Assume b is even. Finally 
assume (m/p) = 1, m = 5 or 13. Then 
+l if and only if p = x2 + 4my2 for some x, y in 2, 
[p’71 = [ - 1 if and only ifp = 4x2 + my2 for some x, y in 9, 
where TV = 1 + 2i or 3 + 2i according as m = 5 or 13. 
Proof. Once again, we will prove our result only for the case m = 5. 
From Theorem 3 we know that there exist Gaussian integers, 6, 7, such 
that either 
p + 572 = E7r (15) 
or 
(2 + 5q2 = 2E7T, (16) 
where N(t) = 1. Assume [l + 2i/rr] = 1; then Eq. (16) is impossible. 
For if (16) is valid, then, since [n/l + 2i] = 1 by the law of quadratic 
reciprocity in S?@[i], 
[26/l + 2i] = 1, 
which is impossible if E = f 1. Assume, therefore, that E = &i. Equa- 
tion (16) implies 
t2 + 5q2 = &2i (mod 4). 
Since 8, TI are both odd, Lemma 2 implies 
.$” + 5q2 = 0,2 (mod 4), 
and these latter congruences imply 
+2i = 0,2 (mod 4), 
no one of which is valid. Thus, (16) is impossible. Therefore, if 
[l + 2i/r] = 1, then Eq. (15) is true, which implies, by Lemma 3, that 
p = x2 + 2oy2. 
Similarly, if [l + 2i/r] = -1, then Eq. (15) is impossible, and, conse- 
quently, Eq. (16) is true. If Eq. (16) is true, then by the corollary of 
Theorem 3, there exist Gaussian integers, 6, q’, such that 
p + 577’2 = (1 + 2i) ETr. (17) 
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By Lemma 3, there exist rational integers, z, x, such that Eq. (17) implies 
z2 + 20x2 = 5p. 
Therefore, 5 divides z, say z = 5y, and this last equation becomes 
4x2 + 5y2 = P. 
Conversely, let p be a prime of the form 
x2 + 2oy2 = p. (18) 
Then x is odd, and Eq. (18) implies 
(--l/P) = 1 = (5/P). 
Ifp=a2+b2andT=a+bi,beven,then 
[-5/%-l = 1, 
so that Theorem 3 is applicable. If [l + 2i/n] = -1, then, by the first 
part of this theorem, there exist rational integers, U, V, such that 
4u2 + 5u2 = p, (19) 
Equations (18) and (19) together imply 
x2 + 5(2~)~ = p = (2~)~ + 5u2, 
which implies, by Lemma 4, that 
/2ul =/XI, 
which is impossible, since x is odd. Therefore, we have a contradiction. 
Hence, 
[l + 2i/r] = +I. 
Similarly, if p = 4x2 + 5y2, then (-l/p) = 1 = (5/p), and 
[I + 2i/77] = -1, 
where ?T = a + bi and p = aa + b2, b even. 
THEOREM 5. Let p be an odd, positive rational prime such that 
(-l/p) = 1 = (m/p), m = 5 or 13. Let E, be the fundamental unit of 
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Q(m’n). Finally, let rr be a prime divisor of p in S[w], where 
w = (1 + m1t2)/2. Then 
[%/‘rrl = 1 tf and only tf p = x2 + 4my2, 
where [ 1 ] denotes the Legendre symbol of %“[oJ]. 
Proof. This follows directly from Theorem 1, Corollary 2, and 
Theorem 4. 
We now state two theorems, similar to Theorems 3, 4, and 5, for the 
number m = 17. 
THEOREM 6. Let p be a rational prime such that (-l/p) = 1 = (17/p); 
let n = a + bi in ZZ’[i] be a Gaussian prime such that N(V) = p, and 
assume b is even. Then there exist Gaussian integers, [, 7, such that either 
or 
p + 17172 = 4ETr 
t2 + 177j2 = 4(1 + i) ET, 
where E = f I or fi. 
THEOREM 7. Let v = a + bi in S’[i] be a Gaussian prime such that 
N(n) = p is a rational prime; hence, (-l/p) = 1. Assume b is even. Then 
+ltfandonlyif p=x2+17yzforsomex,yinb, 
[l ’ 4i”r1 = l-1 ifand only if2p = x2 + 17y2for some x, y in 3, 
where [ / ] denotes the residuacity symbol in %“[i]. 
Also, if Ed, = 4 + Vfl is the fundamental unit in Q(l/n), and r’ is 
a prime divisor of p in Q( %@i), then 
+ 1 if and onIy if p = x2 + 17y2 for some x, y in 3, 
[E17’7F’1 = I- 1 if and only if2p = x2 + 17y2 for some x, y in 3, 
where [ 1 ] denotes the residuacity symbol in Q( fl). 
The proofs of these theorems, though tedious, are similar to the proofs 
of Theorems 3, 4, and 5. We close this section with the comment that 
the second part of Theorem 7 requires a result, similar to Lemma 4, 
which states that the two equations x2 + 17y2 =p and u2 + 17v2 = 2p 
cannot be solved simultaneously in rational integers for any prime p. 
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6. CONCLUDING REMARKS 
As we stated in our introduction, our goal has been to find a relationship 
between the quadratic residuacity character of the fundamental unit E, 
of the real quadratic field Q(&“), with respect to a prime ideal divisor 
of the rational prime p, (- 1 /p) = 1 = (m/p), and the prime ideal divisors 
of p in Q((-m)l/z). Theorems 5 and 7 may be expressed in such a form, 
but for larger values of m it is more convenient to state our results in 
terms of ideal theory rather than in terms of quadratic forms. Before 
we do this, however, we would like to point out that in all likelihood 
Theorem 5 can be extended to include the value m = 37, and Theorem 7 
can be extended to include the values m = 73, 97, and 193; Mrs. Emma 
Lehmer has recently informed the author that she has proved these 
conjectures by different means. With the aid of the University of Arizona’s 
IBM 1130, a limited study was made to determine in which quadratic 
fields the desired kind of relationship might exist. All positive primes 
m < 300 with m = 1 (mod 4) were examined. On the basis of our 
numerical survey, it was found that, excluding the values m = 5, 13, 
and 37, the only primes m for which a pattern occurred were those m = 1 
(mod 8). On the basis of our numerical studies, we close this paper with 
the following conjecture. 
CONJECTURE. Let m = 1 (mod 8) be a positive rational prime, m # 17, 
73, 97, and 193, and let E, denote the fundamental unit of the real quadratic 
jield Q(m1J2). Let p be an odd prime satisfying (-l/p) = 1 = (m/p) and 
let p and f, denote prime ideal divisors of p in Q(m112) and Q((-m)‘l”), 
respectively. Then [E&J] = 1 (in Q(m1J2)) if and only if $” is a principal 
ideal in Q(( -m)l12). 
We have excluded the four values m = 17,73, 97, and 193 because 
the ideal class number of Q((-rn)‘l”) in these cases is 4. 
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